Most papers on the newsboy problem assume that excess inventory is either sold after discount or discarded. In the real world, overstocks are handled with multiple discounts, upgrades, or a combination of these measures. For example, a seller may offer a series of progressively increasing discounts for units that remain on the shelf, or the seller may use incrementally applied innovations aimed at stimulating greater product sophistication. Moreover, the normal distribution does not provide better protection than other distributions with the same mean and variance. In this paper, we find the differences between normal distribution approaches and distribution-free approaches in four scenarios with mean and variance of demand as the only available data to decision-makers. First, we solve the newsboy problem by considering multiple discounts. Second, we formulate and solve the newsboy problem by considering multiple upgrades. Third, we formulate and solve a mixed newsboy problem characterized with multiple discounts and upgrades. Finally, we extend the model to solve a multiproduct newsboy problem with a storage or a budget constraint and develop an algorithm to find the solutions of the models. Concavity of the models is proved analytically. Extensive computational experiments are presented to verify the robustness of the distribution-free approach. The results show that the distribution-free approach is robust.
Introduction
In general selling situations, the information on demand distribution is limited. Often, sellers are only provided with an educated guess of the mean and the variance. Then, they will use the normal distribution of the demand to determine the proper inventory levels. However, the normal distribution for demand does not provide the best protection for the occurrence of other distributions with the same mean and the same variance. In a classic paper, Scarf [1] addressed the newsboy problem in which the mean and the variance 2 of demand were given, whereas assumptions on the distribution of demand were not available. Taking a conservative approach, Scarf modeled the problem by finding the order quantity that maximizes the expected profit and compared the result with the worst possible distribution of demand as characterized with the mean and the variance 2 . Through a beautiful, but lengthy, mathematical argument, Scarf showed that the worst demand distribution is positive at two points and developed the min-max distribution-free approach as a closed-form expression for deriving the optimal order quantity.
Gallego and Moon [2] simplified the proof of Scarf 's [1] ordering rule for the newsboy problem. Moon and Gallego [3] applied the approach to several inventory models including a periodic review model. Moon and Choi [4] solved the distribution-free continuous-review inventory model with a service-level constraint. Moon and Choi [5] provided the make-to-order and make-in-advance models using the distribution-free procedure. Moon and Choi [6] improved the continuous-review inventory model by simultaneously optimizing the order quantity and reorder point. Ouyang and Wu [7] developed models for reduction of the continuousreview inventory system. They also applied the distributionfree approach to each model and proved its robustness. Hariga and Ben-Daya [8] developed optimal reduction procedures in the procurement lead time duration and applied the distribution-free approach to several stochastic inventory models such as the continuous-and periodic-review models with a mixture of backorders and lost sales and the base stock. Ouyang and Chang [9] applied a minimax distribution-free procedure for mixed inventory models with variable lead time and fuzzy lost sales. Tajbakhsh [10] derived closedform expressions for the model of Moon and Choi [4] . Numerous models have been studied using the distributionfree approach [11] [12] [13] [14] [15] [16] . For more details, one can refer to an extensive review of the literature provided by Qin et al. [17] . In this study, we verify the robustness of the distribution-free approach where multiple discounts or upgrades are used to sell products and study the impact of the distribution-free approach under a storage or a budget constraint.
The classical newsboy problem is designed to find the product order quantity that maximizes the expected profit in a single-period, probabilistic demand framework. Hadley and Whitin [18] addressed the newsboy model under the assumption that an excess inventory from an order quantity larger than the realized demand is either sold with a single discount or discarded. Following the work, various versions of pricing and discount strategies have been discussed to explore the characteristics of the newsboy problem. Readers can refer to some major research performances by Carrizosa et al. [19] , Li et al. [20] , and Ye and Sun [21] . Recently, Petruzzi and Dada [22] addressed a comprehensive review and meaningful extensions for the pricing decision in the newsboy problem. However, multiple progressive discounts in a newsboy framework have received only minor attention despite their common appearances in apparel industry where discounts get steeper as the season draws to an end [23] . Khouja [24] developed a model in which multiple discounts are used progressively to sell excess inventory with normally distributed demand. Later, Khouja and Mehrez [25] considered an extension in which a space or budget constraint is placed on a group of items. Khouja [26] extended the newsboy problem by considering price-dependent demand and multiple discounts to sell excess inventory. Such extensions have been thoroughly studied for deterministic economic-order quantity models. In this paper, we apply the distribution-free approach to the basic model of Khouja [24] and consider the situation in which more than one type of stock-keeping unit is stocked for a single-period demand.
Considerable research has been conducted to analyze the multiproduct newsboy problems with constraints [18, [27] [28] [29] . Among those works, Hadley and Whitin [18] were the first to consider a single constraint to a multiproduct newsboy problem. Nahmias and Schmidt [30] proposed a multiproduct newsboy problem with stochastic demand subject to linear and deterministic constraints on space or budget. H.-S. Lau and A. H.-L. Lau [31] extended the constrained newsboy problem to general demand distributions. Erlebacher [32] developed optimal and heuristic solutions for the capacitated newsboy problem. Although budget and storage constraints as well as price discounts are common features in numerous problems, few researchers have considered both a constraint and a discount in a newsboy model. In this paper, we extend the multiproduct newsboy problem to the situation in which the newsboy problem is characterized by a budget constraint and multiple discounts to stimulate demand under the traditional and distribution-free approaches and consider the cost of improving the quality of the product. Nonprice competition is found in many industries, and, as a key nonprice competitive feature in the majority of industries, improved product quality has received intensive attention, especially in terms of investment [33] . Quality upgrading improves firm's ability to serve more consumers because quality products appeal to wealthier consumers. We refer the reader to Garvin [34] for an excellent summary of quality characterization. Also, since 1970, Toyota Motor Co. Ltd. began cooperating with its supplier to improve product quality [35] . In an increasingly competitive global environment, there is growing evidence that investment in quality improvements, such as applying, renewing, updating, accumulating, and redeeming, enhances customer satisfaction and builds long-term relationships between sellers and customers [36] . However, most of the studies on quality improvement fall under the supply chain framework [37, 38] . Due to these extensions we make, our model is applicable not only to the apparel industry, but also to the computer, telecommunication machine, college textbooks, and video game industries among others. In each case, we are not able to estimate the exact price because an upgrade cost may be incurred due to growing technology. However, one must note that upgrade cost does not necessarily translate into increased demand. Therefore, we keep the price fixed and formulate the problem with multiple upgrades. To the best of our knowledge, this type of quality improvement strategy has received little attention in studies of the newsboy problem. Moreover, we consider the effect of both multiple discounts and upgrades on profitability.
In this study, we extend the newsboy problem to consider the situation in which the seller applies progressive multiple discounts, upgrades, or their combination, to enhance product flow and profit. We elongate the newsboy problem by considering four different scenarios and compare the effects of the distribution-free approach with the traditional distribution approach in single-and multiple-product environments. We also examine the effect of a budget or a storage constraint. The remainder of the paper is organized as follows. Section 2 analyzes the behavior of newsboy problems for demand distribution of a single product in three different scenarios. We present the theoretical background for obtaining the order quantities under the worst-and best-case scenarios. Section 3 discusses the newsboy problem with progressive multiple discounts or upgrades under a budget or a storage constraint. Section 4 presents computational examples to illustrate all the models. Finally, Section 5 addresses final remarks as well as suggestions for future research and extensions of the obtained results.
Mathematical Models
The following notations are used to establish mathematical models:
: the discounted (or upgraded) index. : the number of discounts (or upgrades). : the unit selling price.
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: the unit cost.
: the salvage value.
: the quantity demanded, a random variable ( > 0).
( ): the probability density function of .
( ): the cumulative distribution function of .
: the order quantity.
: the expected demand.
: the standard deviation of demand.
: the th discounted rate
: the th discounted selling price, = (1 − ) .
: the th upgraded rate
: the th upgraded cost, = (1 + ) .
: the fraction of the realized demand at the original price (or cost) that can additionally be sold by discounting (or upgrading) the product to price (or cost ) (0 < < 1).
The Newsboy Problem with Progressive Multiple Discounts.
We focus on the special case where the additional quantity that can be sold at the th discount price is directly proportional to the quantity realized at the regular price. In other words, if the product has high demand at the regular price, then discounting the product should result in proportionally additional demand and vice versa. If we refer to the time of the th discount as the th discount period, then statistically the demand in each discount period is perfectly and positively correlated with the demand in the first (nondiscount) period. We assume that the salvage value of the product is the th discount price, and the penalty for not satisfying demand is zero. Here, the profit function ( ( )) can be represented as follows:
where = − , = 1 + ∑ =1 , 0 = 1, and 0 = 1. The expected value of ( ) is
The necessary condition for to be optimal is given by
The second-order derivative of Π ( ) is given by
and hence Π ( ) is concave. The normal distribution does not provide the best protection against the occurrence of other distributions with the same mean and variance. Therefore, we formulate and solve the distribution-free newsboy problem with multiple discounts. In this case, the profit function ( ( )) can be obtained as
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The expected value of ( ) is given by
Observing that ( − ) + = ( − ) + ( − ) + , we can write the expected profit as
Because maximizing Π ( ) is equivalent to minimizing ( ), we concentrate on minimizing ( ), where
Here, ∑ =1 ( − −1 ) = . Because the distribution of is unknown, we want to minimize ( ) against the worst possible distribution. For this, we need to use the following lemma as in Gallego and Moon [2] .
Lemma 1. For any ∈ F,
Moreover, the upper bound is tight.
Using Lemma 1, our problem now reduces to minimizing the upper bound
The necessary condition for to be optimal is
On simplification,
The second-order derivative of ( ) is given by
The Newsboy Problem with Progressive Multiple Upgrades.
We focus on the special case where the additional quality upgraded is directly proportional to the realized demand for the initial product. In other words, if the product has high demand at the regular price, then upgrading the product should result in proportionally additional demand and vice versa. If we refer to the time of the th upgrade as the th upgrade period, then statistically the demand in each upgrade period is perfectly and positively correlated with the demand in the first period. We assume that the salvage cost of the product is the th upgrade cost. Here, we maximize the expected profit to compare the normal with the worst-case demand distribution. The profit function ( ( )) in this case can be written as
Mathematical Problems in Engineering 5 where = − , = 1 + ∑ =1 , 0 = 1, and 0 = 1. The expected value of ( ) is
. Because ( ) ≥ 0 and +1 − ≥ 0, 2 Π ( )/ 2 ≤ 0 for ≥ 0 and hence Π ( ) is concave. Similar to the previous section, we formulate and solve the newsboy problem with multiple upgrades by the distribution-free approach. In this case, the profit function ( ( )) can be represented as follows:
Here,
Because the distribution of is unknown, we want to minimize ( ) against the worst possible distribution. Using Lemma 1, our problem now reduces to minimizing the upper bound
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which gives
( )/ 2 ≥ 0 for ≥ 0 and hence ( ) is convex. Therefore, Π ( ) is concave.
The Mixed Newsboy Problem with Progressive Multiple
Discounts and Upgrades. Multiple discounts lead to higher order quantities compared to the one found in the classical newsboy problems because multiple discounts result in increased demand at prices that are higher than the salvage value in the classical newsboy problem. More practically, the discount policy is not the only way to sell excess products. Sellers make additional investment in marketing to attract more customers to stores through progressive discounts. Bridson et al. [39] suggested that an appropriate mix of hard attributes (discounts and coupons) and soft attributes (better service, upgrades, and special attention) can affect customer satisfaction with stores. Therefore, when considering the mixed model with progressive multiple discounts and upgrades (i.e., multiple discounts with progressively increasing costs), the profit function of the model is given by
where = − and = 1 + ∑ =1 , 0 = 1, and 0 = 1. The expected value of ( ) is Π ( )
In the distribution-free approach, maximizing Π ( ) is equivalent to minimizing ( ); we concentrate on minimizing ( ), where
The necessary condition for to be optimal is ( )/ = 0, which gives
Because − −1 ≥ 0 and − −1 ≥ 0,
The optimality of the solution for the normal distribution expected-profit model can be verified by the same method mentioned above. Hence, the detailed discussion is omitted.
The Newsboy Problem with Progressive Multiple Discounts with a Budget or a Storage Constraint
The purpose of this section is to investigate the effect of a budget or a storage constraint on the optimal order quantities in a multiproduct newsboy problem in which multiple discounts or upgrades are used to sell excess inventory. The following additional notations are used in this section to develop the newsboy problem applied to multiple products:
: the product index.
: the number of products.
: the discounted index.
: the number of discounts offered.
: the unit selling price offered for product .
: the unit cost offered for product .
: the salvage value offered for product .
, : the th discounted rate for product (0 ≤ , ≤ 1), 0 = ,0 < ,1 < ,2 < ⋅ ⋅ ⋅ < , .
, : the th discounted selling price for product , , = (1 − , ) .
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: the expected demand for product . : the standard deviation of demand for product . : the storage space needed per unit of product . : the order quantity for product .
, : the fraction of the realized demand of product at the original price that can additionally be sold by discounting the product to price , .
: the total storage capacity. : the budget for the period.
For the multiproduct problem, the total expected profit ( ( )) under progressive multiple discount is obtained by considering the sum of the expected profits for all products as follows:
where ( ) is the expected profit from the th product.
Under the multiproduct problem, we have the following constraint optimization problems.
Problem 1.
Maximizing the expected profit under a storage constraint,
Problem 2. Maximizing the expected profit under a budget constraint,
We concentrate on problem 1 (P1) due to the heavy similarities between the formulations of (P1) and (P2). All the following results apply to problem 2 (P2) by replacing and with and , respectively. The necessary conditions for ( = 1, 2, . . . , ) to be optimal are as follows. In the traditional approach,
In the distribution-free approach,
where 1 (> 0) is the Lagrange multiplier and ( ) is the cost function under the distribution-free approach. Algorithm 1 is used to find the optimal , = 1, 2, . . . , .
Algorithm 1.
Step 1. Find , = 1, 2, . . . , , using an unconstrained solution.
If ∑ =1 ≤ , the solution is optimal. Otherwise, set 1 = Max[( ,0 − )/ ] and 1 = 0 and go to Step 2.
Step 2. Set a sufficiently small computational accuracy parameter > 0.
If no solution exists for product , set = 0.
Otherwise, find and go to Step 3.
Step 3. If ∑ =1 > , set 1 = 1 and go to Step 2.
Otherwise, the solution is optimal.
Similarly, we can formulate the newsboy problem with progressive multiple upgrades with a budget or storage constraint. The necessary conditions for ( = 1, 2, . . . , ) to be optimal under progressive multiple upgrades are as follows.
In the traditional approach,
The computational results for all four scenarios are shown in the following section.
Numerical Examples
In this section, we provide numerical illustration on how the expected profits under the general and the distribution-free approaches are affected by various cases by using the models developed in Sections 2 and 3.
Example 1.
We consider a product with a regular unit price and a constant unit cost. Discounts of 10%, 20%, 30%, 40%, and 50% off the regular price are progressively used to sell excess inventory. We also assume that a fraction of the original demand will be realized as additional sales at each of the first four discounted prices: 1 = 0.1, 2 = 0.1, 3 = 0.2, and 4 = 0.3. Furthermore, we assume that an unlimited quantity can be sold at the fifth discount price. In addition, = $10 per unit, = $7.5 per unit, = $5 per unit, = 100 unit, and = 15 unit. We compare the performance of with . The results are (normal distribution in parenthesis) = 122.0732 units ( = 122.5361 units) and a worst-case expected profit of Π ( ) = $257.4775 (Π = $257.4845). The Expected Value of Additional Information (EVAI) is $0.007. Additionally, if the management did not consider multiple discounts and immediately discounted the product's price from $10 to $5, the optimal quantity would be the same compared to the result from the classical newsboy problem of 100 units with the corresponding expected profit of $154.89. Therefore, we show that progressive multiple discounts are profitable for the seller.
Example 2. We use the same data as in Example 1 for comparison. In this example, we consider a product with a regular unit cost and a constant unit price. Upgrades of 13.33%, 26.67%, 40%, 53.33%, and 66.67%, added without increasing the cost, are progressively used to sell excess inventory. We also assume that a fraction of the original demand will be realized as additional sales at each of the first four upgrade costs: 1 Example 3. We use the same data as in Example 1 for comparison. We consider discounts of 10%, 20%, 30%, 40%, and 50% off the regular price and upgrades of 5%, 10%, 15%, and 20% are progressively used, with no increase in price, to sell excess inventory. We assume that management offers four discounts and four upgrades before offering the product at salvage value. The first discount is 10% off the original price and results in 10% additional sales ( 1 = 0.1), and the first upgrade is 5% of the original cost and results in 5% additional sales ( 2 = 0.05). The second discount is 20% off the original price and results in 10% additional sales ( 3 = 0.1), and the second upgrade is 10% of the original cost and results in 5% additional sales ( 4 = 0.05). The third discount is 30% off the original price and results in 20% additional sales ( 5 = 0.2). The third upgrade is 15% of the original cost and results in 10% additional sales ( 6 = 0.1). The fourth discount is 40% off the original price and results in 30% additional sales Examples 1, 2, and 3 show that the expected profit is increased and the order quantity is decreased when the seller applies both discounts and upgrades. Therefore, we can conclude that simultaneous discounts and upgrades may profit the seller.
Example 4.
We consider a newsboy problem with five products. The total space available for the products is 7000 ft 3 . We assume that, for each product, the management offers two discounts before offering the product at salvage value. The first discount is 10% off the original price and results in 10% additional sales ( ,1 = 0.1), and the second discount is 25% off the original price and results in 20% additional sales ( ,2 = 0.2). Unlimited quantity can be sold at the third discount price. The third discount on items 1 and 5 is 50% off the original price, while it is 35% off on item 2, 45.5% off on item 3, and approximately 53.1% off on item 4. The optimal results for the normally distributed demand and unknown distributed demand are shown in Table 1 .
First, we solve the unconstrained problem. The total space required for this problem is 14, 251 ft 3 which exceeds the total available space. The total expected profit for the worst case and the normal distribution is $34111.05 and $34111.26, respectively. The value of EVAI is $0.21. Using the proposed algorithm (Algorithm 1), we start with 1 = 6.47, which is Max[( ,0 − )/ ] for Product 4. Under the normal distribution of demand, the optimal value of 1 is * 1 = 1.8916, and, under the distribution-free approach, the optimal value is * 1 = 1.8186. The new optimal solution demonstrates that, under the normal distribution demand, total storage of 7000 ft 3 (sum of the 11th row) is needed, and, under the distribution-free approach, total storage of 6999.82 ft 3 is needed. The total expected profit for the normal distribution and the worst case is $24439.74 and $24436.73, respectively. The value of EVAI is $3.01. Moreover, from Example 4, we conclude that the ordering decision determined by the newsboy problem in the multiple-item environment is highly influenced by an additional constraint. Finally, all of the above examples demonstrate the robustness of the distribution-free approach.
Concluding Remarks
Motivated by the discounts and the quality upgrade strategy practices in the real world, we extend and derive the optimal ordering rule for the newsboy problem with multiple discounts, multiple upgrades, and the combined uses of both strategies in single-and multiple-item environments. We adopt the distribution-free approach where only available information is the mean and standard deviation of demand and compare the results with those found through the traditional approach. We conclude that the distribution-free approach is robust from computational results. Experiments with numerical data under an identical environment indicate that a greater number of discounts and upgrades are associated with greater expected profits. The result offers a novel addition to the literature on the newsboy problem. The study proposes several directions for future research. The developed model under a multiple-item scenario assumes the presence of independent demand and the influence of discounts or upgrades for various products. Therefore, we encourage the development of a new approach where researchers also consider demand substitution effect and price-dependent demand as well as bundle discounts under various distribution functions. In addition, researchers may extend all the models in the supply chain framework to study the effect of bargaining power of channel members on discounts or upgrades.
